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Constructions of Self-complementary Circulants with No Multiplicative
Isomorphisms
ROBERT JAJCAY AND CAI HENG LI
The main topic of the paper is the question of the existence of self-complementary Cayley graphs
Cay(G, S) with the property Sσ 6= G# \ S for all σ ∈ Aut(G). We answer this question in the positive
by constructing an infinite family of self-complementary circulants with this property. Moreover, we
obtain a complete classification of primes p for which there exist self-complementary circulants of
order p2 with this property.
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1. INTRODUCTION
All graphs we consider in this paper have neither loops nor multiple edges. For a graph
0, denote by V0 and E0 the vertex-set and edge-set, respectively. Let 0 be the complement
of 0. A graph 0 is said to be self-complementary if it is isomorphic to its complement 0.
Denote by Aut0 the full automorphism group of 0. It easily follows that, for any graph 0,
Aut0 = Aut0.
A graph 0 is said to be vertex-transitive if Aut0 is transitive on V0. For a finite group G, let
G# = G \ {1}, the set of all non-identity elements of G. For a subset S ⊆ G#, the associated
Cayley graph Cay(G, S) is the digraph 0 with V0 = G and E0 = {(a, b) | a, b ∈ G,
ba−1 ∈ S}. If S = S−1 := {s−1 | s ∈ S}, then Cay(G, S) may be viewed as an undirected
graph. If the underlying group G is cyclic, the graph is called a circulant. It easily follows that
Cayley graphs are vertex-transitive, but the converse is not necessarily true (see, for example,
[5, 10]).
Self-complementary graphs are intriguing structures that have received (particularly in the
last 30 years) a considerable attention (see [9, 12] for references). In 1962, H. Sachs started to
study self-complementary vertex-transitive graphs and constructed some self-complementary
circulant graphs. Since then, much work has been done on self-complementary vertex-tran-
sitive graphs (see [1, 3, 8, 13, 14, 18, 19]), and many families of such graphs have been
constructed (see, for example, [12–14, 18, 19]). However, all the known self-complementary
vertex-transitive graphs are Cayley graphs, and moreover, all of them are constructed using
group automorphisms of the underlying group in the following manner:
For a finite group G, an element σ of Aut(G) induces an isomorphism from Cay(G, S) to
Cay(G, Sσ ). Accordingly, if we choose a suitable group G and a suitable automorphism σ
such that σ maps a subset S to its complement G# \ S, then we obtain a self-complementary
Cayley graph Cay(G, S).
Quite naturally, a question arises, whether this is the only way to construct self-comple-
mentary Cayley graphs (see, for instance, [3, line 17, p. 627]). For convenience, we shall call
a self-complementary Cayley graph Cay(G, S) an SCI-graph of G if Sσ = G# \ S for some
σ ∈ Aut(G). (SCI stands for Self-complementary Cayley Isomorphism.) As we have already
mentioned, all the known self-complementary vertex-transitive graphs are SCI-graphs. The
question of the existence of self-complementary Cayley graphs Cay(G, S) with the property
Sσ 6= G# \ S for all σ ∈ Aut(G) can now be stated as follows:
QUESTION 1.1. Do there exist self-complementary Cayley graphs that are not SCI-graphs?
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The main aim of this paper is to answer this question in the positive by producing infinite
families of self-complementary circulants which are not SCI-graphs.
The notation and terminology used in this paper are standard (see, for example, [2, 17]).
In particular, for integers m and n, m
∣∣∣ n denotes that m divides n, and m ∥∥∥ n denotes that m
divides n and n/m is coprime to m. For a positive integer n, let Zn = {0, 1, . . . , n − 1}, the
additive cyclic group of order n. Throughout the paper, we reserve p to denote an odd prime.
Then Aut(Zp) ∼= Zp−1 and Aut(Zp) acts regularly on Z#p.
The following concepts will be of particular importance for our constructions.
For any positive integer k such that 2k is a divisor of p − 1, let
τk be an element of Aut(Zp) of order 2k . (1)
Clearly, both 〈τk〉 and 〈τ 2k 〉 act semiregularly on Z#p. Let m denote the number p−12k . Then〈τ 2k 〉 has 2m orbits on Z#p: O1, O2, . . . , O2m . By relabeling these orbits we may assume that
Oτkj = O j+1 for each j ∈ {1, 3, . . . , 2m − 1}. Let
Sk =
⋃
j∈{1,3,...,2m−1}
O j . (2)
Then Sτ
2
k
k = Sk and Sτkk =
⋃
j∈{2,4,...,2m} O j = Z#p \ Sk .
For any divisor m of n, Zn has a unique subgroup Zm of order m which yields the quotient
group Zn/m ∼= Zn/Zm of order n/m. For a subset R of Z#n/m , let
R + Zm be the full preimage of R under Zn → Zn/m . (3)
To simplify our notation in the group Zp2 , we shall identify Zp2/Zp with Zp. Finally, let
Si, j = (Si + Zp) ∪ S j . (4)
The following theorem is the main theorem of our paper. It completely characterizes primes
p for which there exist self-complementary circulants of order p2 which are not SCI-graphs.
THEOREM 1.2. Let 0i, j = Cay(Zp2 , Si, j ) where i, j ≥ 1. Then
(i) 0i, j is self-complementary;
(ii) 0i, j is an SCI-graph if and only if i = j ;
(iii) 0i, j is undirected if and only if i, j ≥ 2.
Moreover, directed self-complementary circulants of order p2 which are not SCI-graphs exist
if and only if 4
∣∣∣ p−1; while undirected self-complementary circulants of order p2 which are
not SCI-graphs exist if and only if 8
∣∣∣ p − 1.
The next theorem extends the above results and presents a construction of self-comple-
mentary circulants that are not SCI-graphs for more orders n.
THEOREM 1.3. Suppose that n is a positive integer such that p2
∣∣∣ n for some prime p and
Cay(Zn/p2 , R) is self-complementary for some R ⊂ Z#n/p2 . Let 6i, j denote the Cayley graph
Cay(Zn, (R + Zp2) ∪ Si, j ).
Then 6i, j is self-complementary. Further, if i 6= j then 6i, j is not an SCI-graph, and if
i, j ≥ 2 and R = R−1 then 6i, j is undirected.
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Note that there exist directed self-complementary circulants of order n if and only if n is
odd, and there exist undirected self-complementary circulants of order n if and only if every
prime divisor of n is congruent to 1 modulo 4 (see [3]). Therefore, by Theorem 1.2, if n is odd
and divisible by p2, p ≡ 1 (mod 4), then there exist directed self-complementary circulants
of order n which are not SCI-graphs; if every prime divisor of n is congruent to 1 modulo 4
and at least one of the prime divisors appears in at least a second power and is congruent to 1
modulo 8, then there exist undirected self-complementary circulants of order n which are not
SCI-graphs.
2. THE SELF-COMPLEMENTARY CIRCULANTS OF ORDER p
To prove the above theorems, we introduce some basic results concerning self-complemen-
tary circulants of prime order.
First we prove a simple property of the set Sk defined by formula (2).
LEMMA 2.1. For any ρ ∈ Aut(Zp), if Sρk = Z#p \ Sk , then Sρ
2
k = Sk , and ρ = βτ ik with i
being an odd integer and β an element of Aut(Zp) of odd order. Furthermore, 2k
∥∥∥ o(ρ).
PROOF. First recall that Sτkk = Z#p \ Sk , S
τ 2k
k = Sk , and the order of τk is 2k . Now, let
ρ ∈ Aut(Zp) be such that Sρk = Z#p \ Sk . Then Sρ
2
k = (Z#p \ Sk)ρ = (Z#p)ρ \ Sρk =
Z#p \ (Z#p \ Sk) = Sk . Write ρ = ρ1ρ2 such that o(ρ1) = 2 j for some j and o(ρ2) is odd.
Since o(ρ2) is relatively prime to 2 j , there exists an odd integer u such that o(ρ2)u ≡ 1 (mod
2 j ). Hence
Sρ1k = S
ρ
o(ρ2)u
1
k = S(ρ1ρ2)
o(ρ2)u
k = Sρ
o(ρ2)u
k = (Sρ
o(ρ2)u−1
k )
ρ = Sρk = Z#p \ Sk,
and Sρ
2
1
k = Sρ
2
k = Sk . Since Aut(Zp) is cyclic and both the order of τk and the order of ρ1 are
powers of 2, either τk ∈ 〈ρ1〉 or ρ1 ∈ 〈τk〉. If τk ∈ 〈ρ21〉 then Sτkk = S
ρ2l1
k = Sk for some integer
l, which contradicts the choice of τk . Symmetrically, if ρ1 ∈ 〈τ 2k 〉 then Sρ1k = Sk , which now
contradicts the choice of ρ1. It follows that ρ1 = τ ik for some odd integer i , and 2k
∥∥∥ o(ρ). 2
A Cayley graph Cay(G, S) is called a CI-graph (CI stands for Cayley Isomorphism) of G
if, for any subset T of G#, Sα = T for some α ∈ Aut(G) whenever Cay(G, S) ∼= Cay(G, T ).
Obviously, any CI-graph that is self-complementary is also an SCI-graph. A classical result of
Turner [16] states that any circulant of prime order p is a CI-graph. This has been further ex-
tended by Muzychuk [11] who succeeded in showing that any circulant of order p1 p2 · · · pk ,
a product of distinct primes, is necessarily a CI-graph. We shall also need the following result
about CI-graphs of odd order proved in [6, Theorem 3.1] that happens to cover the above
mentioned result of Turner as well.
PROPOSITION 2.2. Let G be a finite group of odd order, and let 0 be a Cayley (di)graph
of G. Let A = Aut0 and A1 the stabilizer of 1 in A. If (|G|, |A1|) = 1, then 0 is a CI-graph
of G. In particular, if |G| is a prime, then 0 is a CI-graph.
The following is a proposition about the graphs Cay(Zp, Sk) constructed from the set Sk
defined by formula (2).
PROPOSITION 2.3. Assume that 2d
∥∥∥ p − 1 for some positive integer d. Then
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(i) Cay(Zp, Sk) is self-complementary, for all 1 ≤ k ≤ d;
(ii) Cay(Zp, Sk) is directed if and only if k = 1;
(iii) Cay(Zp, Si ) ∼= Cay(Zp, S j ) implies i = j .
PROOF. Once again, Sτkk = Z#p\Sk and S
τ 2k
k = Sk . It follows that τk induces an isomorphism
from Cay(Zp, Sk) to Cay(Zp,Z#p \ Sk), and Cay(Zp, Sk) is therefore self-complementary.
Since Aut(Zp) is cyclic, τ1 is the only element of Aut(Zp) of order 2 and it maps every ele-
ment of Zp to its inverse. Thus, S−11 = Sτ11 = Z#p \ S1 6= S1, and Cay(G, S1) is directed. Con-
versely, if k ≥ 2, there exists an integer i such that τ 2ik = τ1. Hence S−1k = Sτ1k = S
τ 2ik
k = Sk ,
and so Cay(Zp, Sk) is undirected.
Finally, suppose that Cay(Zp, Si ) ∼= Cay(Zp, S j ). As mentioned above, Cay(Zp, Si ) (be-
ing of a prime order) is a CI-graph, and so Sσi = S j for some σ ∈ Aut(Zp). Suppose that
i > j . Then τ j ∈ 〈τ 2i 〉, and S
τ j
i = Si . Since Aut(Zp) is abelian, we have S j = Sσi = S
τ jσ
i =
Sστ ji = S
τ j
j = Z#p \ S j , which is a contradiction. Thus i 6> j , and similarly, i 6< j . Therefore,
i = j . 2
The last lemma of this section treats a special case of self-complementary graphs of prime
order.
LEMMA 2.4. Let φ be any generator of Aut(Zp), and let 0 = Cay(Zp, S) be a self-
complementary circulant.
(1) If 4 6
∣∣∣ p − 1 then
Sφ
p−1
2 = Z#p \ S.
(2) If 8 6
∣∣∣ p − 1 and 0 is undirected then
Sφ
p−1
4 = Z#p \ S.
PROOF. Here, we only prove part (2) since the proof of part (1) can be obtained similarly.
Suppose that 8 6
∣∣∣ p − 1 and that 0 is an undirected self-complementary circulant of order p.
Then Cay(Zp, S) ∼= Cay(Zp,Z#p \ S), and by Proposition 2.2 there is ψ ∈ Aut(Zp) such that
Sψ = Z#p \ S. By Lemma 2.1, Sψ2 = S, and so o(ψ) has to be divisible by 2. Now suppose,
by means of contradiction, that o(ψ) = 2l, with l an odd integer. Then ψ l is of order 2. Since
Aut(Zp) is cyclic, ψ l is the only element of Aut(Zp) of order 2. Hence ψ l = φ p−12 , and xψ =
x−1 for every x ∈ Zp. On the other hand, since l is odd, Sψ l = (Sψ l−1)ψ = Sψ = Z#p \ S.
However, S−1 = Sψ l = Sψ = Z#p \ S 6= S, which is a contradiction to that 0 is undirected.
Thus o(ψ) = 4k for some integer k ≥ 1. Moreover, as o(ψ)
∣∣∣ p − 1 and 8 6 ∣∣∣ p − 1, k must be
odd. It follows that ψk is of order 4 and therefore equal to φ
p−1
4 or its inverse. The fact that k
is odd implies further that Sψk = Z#p \ S. It follows that Sφ
p−1
4 = Z#p \ S. 2
3. PROOFS OF THEOREMS 1.2 AND 1.3
This section is devoted to proving the main Theorems 1.2 and 1.3. Recall that, for a graph
0 and a subset U of V0, the induced subgraph [U ] is the graph which has vertex-set U and
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edge-set E0 ∩ (U × U ). Let B = {B1, B2, . . . , Bm} be a partition of V0. Then the quotient
graph 0B induced by B is the graph with vertex set B such that Bi , B j are adjacent in 0B if
and only if u, v are adjacent in 0 for some u ∈ Bi and v ∈ B j . The wreath product of two
graphs 0 and 6, denoted by 0 o6, is the graph obtained by replacing every vertex u of 0 by
a copy 6u of 6 and making every vertex of 6u adjacent to every vertex of 6v if and only if
{u, v} ∈ E0.
The first lemma of this section shows, in particular, that the graphs 0i, j defined in Theo-
rem 1.2 are wreath products of circulants of prime order.
LEMMA 3.1. Let 0 = Cay(Zp2 , (R+Zp)∪ S) and 6 = Cay(Zp2 , (R′+Zp)∪ S′). Then
0 = Cay(Zp, R) oCay(Zp, S). Suppose further that 0 is not complete and is connected. Then
0 ∼= 6 if and only if Cay(Zp, R) ∼= Cay(Zp, R′) and Cay(Zp, S) ∼= Cay(Zp, S′).
PROOF. The first part of the lemma follows readily from the definitions (as one can check
in [7, Lemma 2.2]), and so we just observe that 0 ∼= Cay(Zp, R) o Cay(Zp, S) and 6 ∼=
Cay(Zp, R′) o Cay(Zp, S′). Thus, if Cay(Zp, R) ∼= Cay(Zp, R′) and Cay(Zp, S) ∼=
Cay(Zp, S′), then 0 ∼= 6.
Conversely, suppose that 0 ∼= 6. Let X = Aut0 and Y = Aut6. Since 0 is not com-
plete and is connected, the automorphism group X is not 2-transitive, and thus by [17, Theo-
rem 25.3], the action of X on the vertices V0 is imprimitive. Furthermore, since |V0| = p2,
V0 can be partitioned into p blocks of imprimitivity, each one of the blocks being of size p,
B = {B0, B1, . . . , Bp−1}. Let [Bi ] denote the subgraph of 0 induced by Bi . Since Zp2 acts
transitively on V0, all the graphs [Bi ] are isomorphic one to another. Moreover, each of the
sets Bi , 0 ≤ i ≤ p−1, is a coset ofZp inZp2 ([1, Lemma 2.2]) and thus, [B0] ∼= [B1] ∼= · · · ∼=
[Bp−1] ∼= Cay(Zp, S), and the quotient graph 0B = Cay(Zp2/Zp, R) = Cay(Zp, R). Simi-
larly, Y is imprimitive on V6, Y has the unique imprimitive system C := {C0,C1, . . . ,C p−1}
which consists of the p orbits of Zp on V6, [C0] ∼= [C1] ∼= · · · ∼= [C p−1] ∼= Cay(Zp, S′),
and the quotient graph 6C = Cay(Zp, R′). Consequently, letting ρ be an isomorphism from
0 to 6, {B0, B1, . . . , Bp−1}ρ = {C0,C1, . . . ,C p−1}. Thus [B0]ρ = [C j ] for some j , and
ρ also induces an isomorphism from 0B to 6C . Therefore, Cay(Zp, R) ∼= Cay(Zp, R′) and
Cay(Zp, S) ∼= Cay(Zp, S′). 2
Next, we quote the following two results needed in the proof of Theorem 1.2.
LEMMA 3.2 (SEE [4, LEMMA 2.1]). Let G be a finite group and S a subset of G#, let A =
Aut Cay(G, S) and Aut(G, S) = {α ∈ Aut(G) | Sα = S}. Then NA(G) = G o Aut(G, S), a
semidirect product of G by Aut(G, S).
LEMMA 3.3 (SEE [15, P. 88]). Let H be a proper subgroup of a p-group G where p is a
prime. Then NG(H) > H.
We are finally ready to prove Theorem 1.2.
PROOF OF THEOREM 1.2. Recall that Si, j = (Si + Zp) ∪ S j . Let Ti = Z#p \ Si and
T j = Z#p \ S j , and let T = (Ti + Zp) ∪ T j . It is easy to see that T = Z#p2 \ Si, j . By
Proposition 2.3, Cay(Zp, Si ) and Cay(Zp, S j ) are self-complementary. Thus
Cay(Zp2 , Si, j ) = Cay(Zp, Si ) o Cay(Zp, S j ) ∼= Cay(Zp, Ti ) o Cay(Zp, T j ) = Cay(Zp2 , T ),
that is, 0i, j = Cay(Zp2 , Si, j ) is self-complementary, and part (i) is proved.
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To simplify our notation, let us introduce the following concept often used in number theory.
Let m, n be positive integers. The smallest positive integer e such that ne ≡ 1 (mod m) is
called the order of n modulo m.
Now, suppose that Cay(Zp2 , Si, j ) is an SCI-graph. Then Sσi, j = T for some σ ∈ Aut(Zp2).
Note that an element x ∈ Si, j is of order p if and only if x ∈ S j and an element y ∈ T is
of order p if and only if x ∈ T j . Thus, we have that (Si + Zp)σ = Ti + Zp and Sσj = T j .
Let Zp2 = 〈a〉 = {0, 1, . . . , p2 − 1}. Then aσ = (l + kp) · a, where 1 ≤ l ≤ p − 1 and
0 ≤ k ≤ p − 1, and so (p · a)σ = lp · a. Let τ be the restriction of σ to 〈p · a〉. Then τ
is an automorphism of 〈p · a〉, and (p · a)τ = lp · a. Since Sσj = T j , we have Sτj = T j ,
and so Sτ 2j = S j . By Lemma 2.1, o(τ ) = 2 j h1 for some odd h1 with 1 ≤ h1 < p, so
p ·a = (p ·a)τ 2 j h1 = l2 j h1 p ·a. It follows that l is of order 2 j h modulo p. On the other hand,
let σ be the automorphism of the quotient groupZp2/Zp induced by σ . Then aσ = l ·a where
a is the image of a under Zp2 → Zp2/Zp. Since (Si + Zp)σ = Ti + Zp, we have Sσi = Ti .
By Lemma 2.1, o(σ ) = 2i h2 for some odd h2 with 1 ≤ h2 < p, so aσ = aσ 2
i h2 = l2i h2 · a. It
follows that l is of order 2i h2 modulo p. Therefore, i = j .
To complete the proof of part (ii), we need to verify that Cay(Zp2 , Si,i ) with 2i
∣∣∣ p− 1 is an
SCI-graph. Let σ be an automorphism of Zp2 of order 2i , and let m be the actual multiplier
representation of σ in Zp2 , i.e., bσ = m · b, for all b ∈ Zp2 . Now, if Si ⊂ Zp then m · Si =
Z#p \ Si (mod p); and if Si ⊂ Zp2/Zp then m · Si = (Zp2/Zp)# \ Si (mod p). It follows that
Sσi,i = m · Si,i = (m · Si + Zp) ∪ m · Si = Z#p2 \ Si,i .
Therefore, Cay(Zp2 , Si,i ) is an SCI-graph, and part (ii) is proved.
By Proposition 2.3, Cay(Zp, Sk) is undirected if and only if k ≥ 2. Thus we have that 0i, j
is undirected if and only if i, j ≥ 2, as claimed in part (iii).
Finally, let d be such that 2d
∥∥∥ p− 1. If 4 ∣∣∣ p− 1, then there exist i, j such that 1 ≤ i, j ≤ d
and i 6= j (e.g., i = 1 and j = 2); and if 8
∣∣∣ p − 1, then there exist i, j such that 2 ≤ i, j ≤ d
and i 6= j (i = 2 and j = 3). Applying the parts (i)–(iii) of our theorem, we see that if
4
∣∣∣ p − 1 then there exist directed self-complementary circulants of order p2 which are not
SCI-graphs (namely, 01,2); and if 8
∣∣∣ p − 1 then there exist undirected self-complementary
circulants of order p2 which are not SCI-graphs either (namely, 02,3).
To prove the converses of the last two statements of our theorem, consider first the case
8 6
∣∣∣ p−1 and suppose that 0 is an undirected self-complementary circulant of order p2 which
is not an SCI-graph. Then 0 = Cay(Zp2 , S) for some S ⊂ Z#p2 . Let A = Aut0, and let A1
be the stabilizer of 1 in A. If p 6
∣∣∣ |A1| then by Proposition 2.2, 0 is a CI-graph and hence also
an SCI-graph, which is a contradiction.
Thus p
∣∣∣ |A1|, and so Zp2 is a proper subgroup of the Sylow p-subgroup P of A. By
Lemma 3.3, NA(Zp2) ≥ NP (Zp2) > Zp2 . Thus by Lemma 3.2, there exists α ∈ Aut(G, S)
of order p. Let Zp2 = 〈a〉. Then aα = (h + kp) · a , for some h ∈ {1, 2, . . . , p − 1} and
k ∈ {0, 1, . . . , p−1}. Since o(α) = p, a = aα p = (h+kp)p ·a = h p ·a, which yields h p ≡ 1
(mod p2). If h 6= 1 then p2
∣∣∣ h p − 1. It is well-known (Fermat Theorem) that p ∣∣∣ h p−1 − 1.
It follows that p divides h p−1(p − 1) = (h p − 1) − (h p−1 − 1), which is a contradiction.
Hence h = 1, namely, aα = (1 + kp) · a. Thus (p · a)σ = p · a and for any integer i ≥ 1,
aα
i = (1+ kp)i · a = (1+ ikp) · a. Note that an element of Zp2 is of order p if and only if it
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lies in 〈p · a〉. Therefore, for any x ∈ S, either o(x) = p and xα = x , or o(x) = p2 and
x 〈α〉 = {(1+ kp) · x, (1+ 2kp) · x, . . . , (1+ (p − 1)kp) · x} = x + Zp,
where x is the image of x under 〈a〉 → 〈a〉/〈p · a〉. Thus S = (R + Zp) ∪ R0, where
R ⊂ (Zp2/Zp)# and R0 ⊂ Z#p. It can be easily checked that Z#p2 \ S = (R′ + Zp) ∪ R′0,
where R′ = (Zp2/Zp)#\R and R′0 = Z#p\R0. Since 0 is self-complementary, Cay(Zp2 , S) ∼=
Cay(Zp2 ,Z#p2\S). By Lemma 3.1, we have Cay(Zp, R) ∼= Cay(Zp,Z#p\R) and Cay(Zp, R0)
∼= Cay(Zp,Z#p \R0). By Lemma 2.4, Rφ
p−1
4 = Z#p \R and Rφ
p−1
4
0 = Z#p \R0. Let m ∈ Z#p be
the actual multiplier representing φ
p−1
4 , that is, m · b = bφ
p−1
4
, for b in Zp (the multiplication
done modulo p). Then m · R = Z#p \ R, and m · R0 = Z#p \ R0 (mod p). Applying these
results to the set m · S, we obtain:
m · S = (m · R + Zp) ∪ m · R0 = (R′ + Zp) ∪ R′0 = Z#p2 \ S,
which means that 0 is an SCI-graph. This is a contradiction.
Similarly, if 4 does not divide p − 1, then any directed self-complementary circulant of
order p2 is an SCI-graph, which concludes the proof of the theorem. 2
We close our article with a proof of Theorem 1.3.
PROOF OF THEOREM 1.3. Since S = (R + Zp2) ∪ Si, j , it follows that Z#n \ S = (R′ +
Zp2) ∪ Ti, j , where R′ = Z#n/p2 \ R and Ti, j = Z#p2 \ Si, j . By [7, Lemma 2.2], we have
that Cay(Zn, S) = Cay(Zn/p2 , R) o Cay(Zp2 , Si, j ) and Cay(Zn,Z#n \ S) = Cay(Zn/p2 , R′) o
Cay(Zp2 , Ti, j ). Further, since Cay(Zn/p2 , R) and Cay(Zp2 , Si, j ) are self-complementary, we
have that Cay(Zn/p2 , R) ∼= Cay(Zn/p2 , R′) and Cay(Zp2 , Si, j ) ∼= Cay(Zp2 , Ti, j ). Thus
Cay(Zn, S) = Cay(Zn/p2 , R) o Cay(Zp2 , Si, j )
= Cay(Zn/p2 , R′) o Cay(Zp2 , Ti, j )
= Cay(Zn,Z#n \ S),
that is, Cay(Zn, S) is self-complementary.
Suppose that Cay(Zn, S) is an SCI-graph. Then Sσ = Z#n \ S for some σ ∈ Aut(Zn). Note
that an element x ∈ S is of order dividing p2 if and only if x ∈ Si, j , and an element y ∈ Z#n \S
is of order dividing p2 if and only if y ∈ Ti, j . Thus Sσi, j = Ti, j = Z#p2 \ Si, j . It follows that
Cay(Zp2 , Si, j ) is an SCI-graph. By Theorem 1.2(ii), i = j .
Finally, if i, j ≥ 2 then by Theorem 1.2 (iii), Cay(Zp2 , Si, j ) is undirected; if R = R−1 then
Cay(Zn/p2 , R′) is undirected. Therefore, if i, j ≥ 2 and R = R−1, then 6i, j is undirected. 2
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